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The purpose of this investigation is to examine firsc-, second-,

and third-grade qhildfgﬁi5>ﬁéffﬂfmﬂnzé on selected open addition and sube-
: ' tracgion gentencéé nresented in verbal and svmbolic formats. Specific
aspects of the children's péff@fmaﬂCé{whiCh this iﬁvéggggatiﬂﬁ will focus

on will be discussed in detail as the rationale is developed, @

Packground and Ratiopale

o Table 1 provides the reader with the item models considered in this
+ investigation along with some apecific examples of fome of the items pre-

genited -to the subjects,

Table 1 3

Svmbolic [tem Models

Examples
\ b+ =9 __+5=28. 7 -2= 6 - =4

7o h -9 = 3 - =7

T
+
i)
ot
+

]
]

Verbal Format Examples

51: Sugan has 4 pennies, Her mother gave her some more pennies. Now
Sugan has 7 pennies. How many pennies did her mother give Susan?

Note: Similar verbal examples can be constructed from the other three
item'models.

Several observations should be made at this point concerning the information

presented in Table 1, To bejgin with, all of the exgmpIESVQan be solved

using the subtraction operation or a subtractive process such as counting

ERIC 3. .
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back. This does not mean tgat a suhiect will emplov a solution method of
this tvpe, but simplv could do so if desired. é@mé of the data collected
will relate to the solution method Emﬁi@y&d on the various items presented
to a subject. As can also bhe noted, some of the examples appearing in Table
1 were constructed so that no whole number_ solution existed. Exanples of
the remaining twé addi tion and subtraction item models, a + h = _  and |

-~ b = ¢, cannot he constructed an that & whole number =olution does not

Children's performance on items similar to those in Table 1 1s of
interest for several reasons. The decade of the 1970's has neant éamé
profound Ehanges in the thinking of some mathematics educators as ﬁhe bazkév
to-basics movement and the ﬂiﬂiﬁal'iﬂmﬁétéﬁfy movément have increased their
influence, One of the differences in the elementary School mathemstics
curriculum of the 1970's and the l@éD‘é ls the popularity of the missing
addend models, a + =cand __+b=c. In the ﬁadérn math era, these
models were 3Dpularlv seen as a means @fblntfadu:iﬂg the operation Gf sub- .
traction. The stion should then be raised as to whether children see
Ehasé items as ones invelviné subtraction. Lf children must be trained E@!
gee the relatignship existding with subtractien, pefﬁaps there ié a better vay
to introduce subtraction. The firar- and second-grade children to be
iDtéfViéWEdviﬁ this inpvestigation will have had little instructioral contact
with all examples except for ones such as 7 - 2 = |

The second aspect of this investigation whizh will';&cei?é emphasis .
is children's Pérfﬂf%aﬂée on those items constructed so that ro whole ﬁhmber soly-
tion exists. Typically, when the Gpefa}iah of subtraction is first intro-

duced, children are simply and rotely told that one "alvays subtracts the

smaller number £rdm the larger number.” Comnsiderinmg the absemce of ?ﬂy



‘ 3
meaningful instruection, it is not surprising that childfgn forget this state--
ment and {nvent their own procedures to handle test item%, or generaiize
ﬁﬁat these items are SﬁLVéd in the same wav as similar items having a whole
number solution. One of the questions raised in this investigatian is
whether young children are aware of the iﬁﬁmftanté of the order of the
ﬂumbetsg%ppeaTing'in a subtraction example. In general, if a child treats
an example such ag 6 - 9 = iﬁrthé same way s/he treats the comnuted
version of this example, then the child will be judsed to be unaware of the
importance of the order of the numbers. ,Please note that this is not the
same asg stating that the child belicves subtraction te be a cammutétive
operation. Based cn an investigation of children's ability to detect
itemg with no whole nuwmber solution, Wéavei (1972) conjectured that many
children ﬁay "overgeneralize to subtraction their knowledge of the commu-~

o tativity of additdon." Although Eﬁéﬁiﬁvegtjgagiaﬂ reported in this manu-~
script will not support or refute Weaver's conjecture, it will take an
intermediate step in detefmining children's awareness of the impartan:e of
@rdgr_iﬁ a canonical subtraction open ééﬁteﬁzaf- -
R&SEaJEhDESigﬁaﬂdEfniedute

iy lie subjects interviewved in this pilot investigation were 16 children
at each of the first—, second- and third-grade levels. Eight.first;gfadEQ
Y
| children tgépﬂﬂdéd to an inventory similar to the one in Appendix 1 and
eight 5ubjaét§_f&5paﬂded té a vafbél inventory similar to the one ip
,Appendix 2, Eight second-grade children a%d eight thirdaggade children
é respoﬂdéé to a svmbolic inventory similar to the one in Appendix 3 with

the remaining secéﬁdﬁ and thirdégfade children responding to a verbal

~inventory similar to the one in Appendix 4. All children "interviewed in

this investigarion were randomly selected from all first-, second- and
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third-grade children who returned parental permission slips, The total

number of children attending the school in auestion is approximately 140,

The Inventories

For both the verbal and symbolic formats, three first-grade inventories

and three upper-grade iInventories were constructed. TFor each inventorv,

-new items were selected from designated pools with the order of the items

randomly rearranged for each inventorv. The onlv exception was that the
first item on each inventory was reguired to have a whole number solution.

The ﬂﬁéfdigit item pool consisted of basic addition facts having a
sum between five and 11 and non-zero Qddéﬁﬁs. 2+ 7 =9 is one example
ghile 2+ 3.5 5and 6 + 5 = 11 are néﬂeexampies, After an item was selected,
it was modified to fit the model in questi@ﬂ using established procedures
and the desirability or non-desirability of having a whole number solution.
Hence, 2 + 7 = 9 could be modified to become 9 - = 2, if desjired.

The two-digit item pool consisted of examples modeled by a + b = ¢

where a, b, and ¢ represent two-digit numbers. TFurthermore, items such as

29 + 14 =43, in which regrouping might be necessary were excluded. Hence,

onlvy ‘items such as 23 + 22 = 45 were included. These items were then modi-

fied in the same wav as the one-digit items,.

The Interviews

Each child was igdividually interviewed. The child's name and teéchér
were obtained and then the child was introduced to an 'Oscar the Grouch'
doll and invited to help Oscar work some number puzélesg fhe child then
worked thrcugh a simple addition puzzle in either symbolic or verbal con-
text. For example, if a symbolic inventory was to-be administered, the
example 3’+'5 E;EEKWSS'prESEﬂtEd; ~The task was to first determine  if a
pumber was hiding behind the black box, and if so, to determine which ome .

it was. 1In the initial directions, the child was warned that some number



5
puzzles might be new. The child was then told if s/he believed that no
number was hiding behind the black box, or if s/he could not solve the.
puzzle, to simply sav so. This latter statement was re-read to the child

after every fourth item.

Any statement concerning the findings or results of -this investigation
must be tempered with the reminder that this study was exploratory in

nature and employed a small sample size. However, some data will be presented
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not for the purposes of making a conc

further work jin this area. Some research questions will np™ be stated along

with the preliminary indications as to

be answered. Ql: The teachers of the children interviewed used a mathematics

[

serias which did not begin instruction on the missing addend models unti

grade three. The teachers stated that it was their belief that children

"would readily learn how to handle these items if the children received a

H

solid foundation in stfaightférward addition and subtraction situations,

i,e., a+b=__and a - b =_=~, Given the lack of instruction in this area,

how successful were children in solving the missing addend and missing
subtrahend items?

* Table 2 contains the raw data relating to children's success on inventory
items, If the reader focuses on the cells relating to the one-digit symbo-
lic items Al, AZ and S2 (those miséing addend or subtrahend items with a ﬁhalg

number solutiom), it can be seen that for all grade levels, at least 75%

of the c¢hildren reponded correctly.

- Table 2
Grade One
Item Models (One-digit Number Items)
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Svm 6 7 6 7 ) 4 8 7
Ver 4 2 3 2 6 2 6 2

The number in a given cell indicates the number of children who
responded correctly (out of 8 possible} to a given item.

Grade Two

Ttem Hodels

I

2N Al AIN A2 A2N 51 SIN 82 S2N

A1l AIN A2 A2ZN S1  SIN §2
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Ver 6 - 2 7 1 8 4 8 4 3 2 1 1 5 3 3 3
Grade Three

Item Models
A

Al AIN A2 A2N 51 - S51¥ 52 &82N Al AIN A2 A2ZN S1 SIN 52 S2N
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*In all cases, 'N' refers te a no whole number solution item.

For the two-digit Symbalic items, the situatian is different. The éhi%dren
were félagivglyﬁsu;cassful only on the missiﬁgrsubtrahenﬂ items, One ﬁ@ssiblé
explanation f@f the lack of success was that children most freauently attempted
to solve théé; items mentallyv.
For the verbal items Al, A2, and S2, first—grade children were success-

ful approximately 50% of the time. TFor the itemsaAi and A2, childfgn did

not frransform equagimns and use a subtractive praéessi Perhaps Samé instrue-

. ] p

‘tiDﬁ in this area would improve results. However, on all verbal items,
children made modeling errors, Hence, if better rgsults are desired, pe;hapg}
a gimpler s@lutign wbuldiba to givé children more contact ﬁith verbal items
5§ﬂd some instruction éoncefﬁiﬂg modeling. Ecwever;vby grade two, children

were successful in responding to one-digit items,

13
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02: This question concerns children's awareness of the importance of the
ofder of the numbers in a straightforward subtraction item. For this inves=~
tigation, a child was coded to be upaware of the importance of order of the

‘numbers in a subtraction sentence, if the child gave one of the following.
v justifications for his/her response to an item such as 6 - 9 = 3.
- (1) 'It's the same as 9 — 6 = '

(2) ‘'Because 3+ 6 = 9,'

(3) 1If the child ﬂuiCkl% and szemingly rotely recalled '3',
A child whose reépﬁﬁse was '0' or '"15' (for the item above) was judged to be
aware that order mattered. As can be seer in Table 2, many children responded
by Stating that no whole number was hicliggj héﬁiﬂd the black hox Which is
pe#haps the best that can bé‘éxﬁéitéd from vcuﬁg-zhildreﬁ. For this reason,
this response is .coded as being 'correct'. The research question is simply

E whether children are aware of the importance of the order of the numbers in
a subtraction sentence. ’

" The data pertaiﬁing to this question is presented in Table 3. If
these findings hold in a more extensive investigation, I believe the con-
clusion should be that the situation is unsatisfactory. Unawareness of the

importance of order may be for the child, a step in the direction towards
generalizing that subtraction is a commutative operation. Further research

* in this area is necessary. TFor the classroom teacher, most likely it is the

case that instruction concerning the commutativity of addition, or the order

iy

= 1 by 1 ' | 5 ~ ] 3 3 : = . s
of the numbers 'in an addition sentence, should be accompanied by instruction
¢ H

concerning the different situation in subtraction.
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) ) Table 3

Avareness of the Importance of Order
in a Canonical Suhtraction Sentence:

Three

One Two

2 5 3

The figures represent the number of children at each level who seemed
unaware of the importance of order. ‘

- Justifications: Given 4 - 6 =

: Q: How do vou know that *'2' is hiding
behind the black box? :

Two S's: Because 2 + 4
Two S's: Because 4 ~ 6 =
6
|

SixS's: Because 4 - =

Based on this and |previous piloting, the areas focused on in this paper

merit future empirical;attention,

i
/
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A One~digit Svmbolic Inventory

2+ =6 AIN: 9+ =5
_t4=218 A2N: _ +9 =3 -
10 ~1=__ SIN:: 3 -9 =

10~ =6 S82N: 5-__ =9

Susan has 4 pennies. Her mother gave her some more pennies and now
she has 10 pennies. How many pennies did her mother give her?

ob has 9 books. His teacher gave him some more books and now he has
books. How manv books did Bob's teacher give him?

There are some cookies in the jar. Sara put 3 more cookies in the jar
and now there are 8 cookies in the jar. How many cookies were in the
jar to start with? »

Some people are on the train. 10 more people got on the train and now_
there are 7 people on the train. How many people were on the train
to start with? .

Bill has 9 marbles. He gave some mﬂrblés “to Jill and now he has 7
marbles. How many marbles did he give to Jill? -

Jan has 1 book. She gave some hooks to Tony and now she has 8 books.
How many books did she give to Tony?

Sally had 10 frogs in a box. 9 frogs jumped out of the box. How
many frogs does Sally have left in the box?

Leroy had 4 pieces of candy. He gave 6 pieces to Jenny. How many
pleces of candy does he have lefe. : '



Al: 22 +
- A2: _ +
S1: 62 -

. §2: 49 -

41

41

]

27

il

A Two-digit Symbolic Inventory#*

AlIN:

32

34

17

56

*Note::  Second- and thifdsgtade children also responded to a one-digit
inventory and thus, responded to 16 dtems,

h
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4 A Two—d 1g1t Verbal Inventory¥
Al: Joe Bas 57 stamps. le bought some more stamps. Now Joe has 69
stanps. How many stamps did Joe buy? K .
AIN: There are 65 people on the airplane. Some more people got on., Now |
there are 53 people on the airplane. How many people got on?
A2: Some books are on a shelf. Bess put 63 more books on ‘the shelf . Now
there are 87 books on the shelf. How many books were on the shelf Y.
to start with? .
A2N: Some children were ice-skating. 53 more childrem joined them., Now
there are 31 children ice-skating. How many children were ice~skat-
= ing, ﬂ:% start with? C . |
< . - i} . . . =
e jI"hE!fE are 29 cans of paint in the store. 13 cans were sold. How
/many cans of paint are left in the store?
I : _ ,
S1N: Wallw has 36 pennies, He spent 58 pernies to buy some cardy, Hovw
many pennies does Wally have left? -
82: There are 67 shells in a box. Some shells were taken out. Now there
are 52 shells in the box.& Hov many shells were taken out of the:box?
L . 52N: There are 42 people on the bus, Some people got off, Now, there are
55 people on the bus., Yow many people got off the bus?
*Again, chdildren responded to a ome-digit verbal inventory. .
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